Topological Higher Gauge Theory — from BF to BFCG theory 



F. Girelli/ B H. Pfeiffer,2.[t| and E. M. Popescu^ H 

^SISSA, 4 ^io, Beirut, Trieste, 34OI4, Italy and INFN sezione de Trieste 
^Department of Mathematics, The University of British Columbia, 
1984 Mathematics Road, Vancouver, BC, Canada V6T 1Z2 
Wilfrid Laurier University, Department of Physics and Computer Science, 
Waterloo, Ontario, Canada N2L 3C5 
(Date: January 18, 2008) 

We study generalizations ol 3- and 4-dimensional B_F-theory in the context of higher gauge theory. 
First, we construct topological higher gauge theories as discrete state sum models and explain how 
they are related to the state sums of Yetter, Mackaay, and Porter. Under certain conditions, we 
can present their corresponding continuum counterparts in terms of classical Lagrangians. We then 
QQ ■ explain that two of these models are already familiar from the literature: the E"l>i5A-model of 3- 

' dimensional gravity coupled to topological matter, and also a 4-dimensionaI model of _B_F-theory 

, coupled to topological matter. 

' Keywords: higher gauge theory, topological gravity, state sum model 

O [ PACS: 04.60.-m; 04.60.Nc; 04.60.Pp; 04.60.Kz; 02.20.-a; 02.40.Sf 

D 



I. INTRODUCTION 



I Given a d-dimensional space-time manifold M, a compact Lie group G with Lie algebra g := LicG, and a principal 

G-bundlc P ^ M, the gauge theory associated with the action 



Sbf{A,B) = f trg(BAF^) (1) 



(N ■ 

J> ■ is known as i?i^-theory []|. Here Fa is the g- valued curvature 2-form associated with a connection A, B denotes a 

^""^ , 0-valued {d — 2)-form and the notation tr0(...) stands for the Cartan-Killing form on g. 

1^ ' Although the classical field equations Fa = and dA{B) = are not very interesting on their own, stating that the 

, connection A be flat and the {d — 2)-form B be covariantly constant, _Bi^-theory serves as an important toy model in 

. ■ various contexts. 

' First of all, the action of i?i^-theory is defined on any smooth manifold equipped with a principal G-bundle, and 



as such it does not require the existence of any Riemannian background metric on AI . This characteristic is shared 
with certain first order formulations of general relativity, e.g. with the first order formulation of 3-dimensional pure 
Lorentzian [Riemannian] general relativity which can be shown to be a particular case of i?_F-theory for d — 5 and 
with G = 5*0(1,2) or Spin{l,2) [or with 50(3) or 5pm(3), respectively]. 

Second, i?_F-theory has an enhanced local symmetry, i.e. besides the local gauge transformations. 



o 
l> 
o 

> 
X 

c5 ; A^A + 6A, SA^dAia), (2) 

B^B + 6B, SB^-[a,B], (3) 

where a is locally a g-valued function on M , B F-theoiy is also invariant under the infinitesimal 'translations' of the 
B field, 

B^B + SB, SB = dA{(3), (4) 

for any g- valued (d — 3)-form p. 

Finally, since _Bi^-theory is independent of any background metric, it is particularly suitable for the construction of 
state sum models. For example, in the case of pure 3-dimcnsional Euclidean general relativity, i.e. for 3-dimcnsional 
_BF-theory with G = SU{2), the corresponding state sum model is the Ponzano-Regge model 0. More generally. 
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for an arbitrary compact Lie group or finite group G, one obtains the state sum model by specializing the Turaev- 
Viro state sum 0] to the category of finite-dimensional complex representations of G and by not worrying about 
convergence of the partition function^ . 

In this article, we study generalizations of rf-dimensional i?_F-theory, d € {3,4}, to the context of higher gauge 
theory [1,0,11,9. 

Roughly speaking, in addition to the connection 1-form of conventional gauge theory which equips curves with 
holonomies in the gauge group G, higher gauge theory introduces a connection 2-form which can be used to equip 
surfaces with a new kind of surface holonomy, given by elements of another group H . More precisely, the algebraic 
structure that replaces the gauge group in higher gauge theory is a crossed module (G,-ff, l>,t), as described in 
Section III Al below. 

The purpose of the present article is to connect the following different developments in the literature: (i) higher 
gauge theory, i.e. the generalization of gauge theory from connection 1-forms to both 1-forms and 2-forms, in the 
topological case in dimension 3 and 4; (ii) state sum invariants of combinatorial 3- and 4-manifolds, familiar from 
the literature on combinatorial topology, homotopy theory, and higher category theory; (iii) the I]$£'A-model of 
3-dimensional gravity coupled to matter and a related model of 4-dimensional i?_F-theory coupled to matter, both of 
which are familiar from the literature on quantum gravity. 

Our approach to the generalization of _B_F-theory to the framework of higher gauge theory is therefore twofold. 
First, we present a combinatorial construction of such a topological higher gauge theory as a state sum model, and we 
show that the model is well-defined for any finite crossed module, i.e. if the groups G and H are finite. In particular, 
it makes sense for arbitrary finite groups, and the group H by which the surfaces are labeled, is not required to 
be abelian. We then explain how our state sum model is related to the state sums of Yetter [10|, Porter and 
Mackaay l^^ ]3. In an appendix, we give a self-contained proof in terms of Pachner moves of the results of Yetter 
and Porter [llUl4| that these state sums are independent of triangulation. In fact, both models are invariants of the 
homotopy type of M 15 1. It is an open question which topological invariant generalizes [sl if one studies Lie groups 



rather than finite groups. 

In addition to the combinatorial state sum construction, we present a continuum counterpart of our models in 
terms of differential forms and classical Lagrangians for the case in which G and H are Lie groups. At present, two 
restrictions apply: first, we require the 'fake curvature' fSection llV Al below) to vanish in order to make sure that there 
are well defined curve and surface holonomies. Second, we require the group H of the crossed module {G,H, \>,t) to 
be abelian. This is the only case in which the extended local gauge symmetry is presently fully understood^ [Sj . There 
is an obvious candidate for the corresponding continuum model. We show that one can recover the state sum by the 
standard heuristic discretization procedure, and we recall that special cases of this model have already appeared in 
the literature, for example, the I^^EA-model [l6j . 

We emphasize that our state sum models that are available for an arbitrary finite crossed module {G,H,l>,t) 
yield well-defined continuum theories, just by considering the continuum limit under arbitrary refinement of the 
triangulation. It is, however, not known whether all such models can be alternatively defined in terms of a classical 
Lagrangian. 

The present article is structured as follows. In Section |TT1 we review the relevant algebraic tools involved in the 
description of higher gauge theory: 2-groups, crossed modules. Lie 2-algebras and differential crossed modules. In 
Section Hill we define the discrete state sum models of topological higher gauge theory in dimensions d = 3,4. A 
self-contained proof that these models are well defined, i.e. independent of the chosen triangulation, is contained in 
Appendix |^ We then explain the relationship to Mackaay's state sum in Appendix |B] In Section IIVI we present 
the continuum counterparts of our discrete models for the case of Lie groups and comment on their relationship with 
models known from the quantum gravity literature. In Section |Vl we finally show how the continuum and discrete 
models can be related to each other by a generalization of the usual heuristic discretization procedure. 



^ For the topological interpretation in this case, see, for example 0|. 
In more general cases, it is not understood whether one can obtain a Lagrangian that is invariant under a continuum analogue of the 
extended local symmetry of Q and whose fields are locally functions or differential forms on M. 
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II. PRELIMINARIES 



A. 2-Groups 



The local symmetry of higher gauge theory is described by an algebraic structure known as a categorical group or 
as a 2-group. We first give the relevant definitions and then briefly sketch in which way this structure is used to equip 
both curves and surfaces with holonomies. For more details on 2-groups and for a comprehensive list of references, 
we refer the reader to [TtI . 

Definition II. 1. A strict 2-group (Go, Gi, s, t, z, o) consists of groups Go {group of objects) , Gi {group of morphisms) , 
and homomorphisms of groups s : Gi — > Go (source), t: Gi ^ Go {target), «: Go — > Gi {identity) and o: Gi sXjGi 
Gi {vertical composition) such that the following conditions are satisfied, 

1. s{i{g)) =^ g and t{i{g)) = g for aU g £ Go, 

2. s{f o /') = s{f) and t{f o /') = t{f) for all /, /' G Gi for which ,s(/) = t{f), 

3. ^{t{f)) o / = / and / o t{s{f)) - / for aU / e Gi, 

4. (/ o /') o /" = / o (/' o /") for all /, /', /" e Gi for which s{f) = t{f) and s{f') = t(/"). 

Here Gi ^x* Gi := { (/, /') G Gi x Gi | s{f) — t{f') } denotes the set of all pairs of vertically composable morphisms. 
The multiplication of the groups Go and Gi is referred to as horizontal composition and is denoted either by '■' or 
just by simple juxtaposition. 

Definition II. 2. A strict Lie 2-group is a strict 2-group in which Go and Gi are Lie groups and the maps t, s, i and 
o are homomorphisms of Lie groups. A strict finite 2-group is a strict 2-group in which both Go and Gi are finite 
groups. 

While in ordinary gauge theory, curves are labeled by holonomies taking values in the gauge group, in higher gauge 
theory, both curves and surfaces have holonomies with values in the groups Go and Gi, respectively: 




The elements 31,52 G Go label the source and target curves of the surface, / S Gi labels the surface, and they are 
required to satisfy the conditions, 

s(/)=5i and t(/) = <?2. (6) 

The algebraic structure of a strict 2-group guarantees that one can change the base points of closed curves and the 
decomposition of the boundary of a disc into source and target in a consistent manner and that one can compose 
surfaces and define surface-ordered products. In particular, there is a local gauge symmetry which makes sure that 
surface-ordered products are independent of the base point and of the source curve of the surface 0, [1] . 

Examples of strict 2-groups can be obtained from Whitehead's crossed modules of groups as follows. 

Definition II. 3. A crossed module {G,H,C>,t) consists of two groups G and H and two group homomorphisms 
t: H ^ G and a: G ^ Aut(H),g 1— > a{g) := {h g \> h), i.e. an action of G on by automorphisms, such that for 
aU .g G G and h, h' G H, 

t{g\>h) = gt{h)g-\ (7) 
t{h)>h' = hh'h-^. (8) 

Definition II. 4. A Lie crossed module is a crossed module in which G and H are Lie groups and in which t and 
a are homomorphisms of Lie groups. A finite crossed module is a crossed module in which both G and H are finite 
groups. 

Proposition II. 5. Given a [Lie, finite] crossed module {G, H,\>,t), there exists a strict [Lie, finite] 2-group 
{Go,Gi, s,t,i,o) as follows. The groups of objects and morphisms are Go :— G and Gi := H yi G where the 
semi-direct product uses the multiplication {hi,gi) ■ (/i2,52) (^1(51 l> ^2), 5132)- The source and target maps are 
given by s : i? X G G, {h,g) ^ g and t : H G ^ G , {h, g) t{h)g, the identity by i : G ^ H yi G, g 1-^ {e, g) and 
vertical composition by {h,g) o {h',g') = {hh',g) whenever g = t{h')g'. 
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In fact, there is a 2-categoryof crossed modules and a 2-category of strict 2-groups, and these are equivalent as 
2-categories, see, for example Note that in any strict 2-group, the vertical composition is already determined 

by the remaining structure maps as / o /' — / ■ • /' for all /, /' G Gi for which s(/) = t{f'), and every 

element / G Gi has got a vertical inverse :— «(s(/)) • /"^ • i{t{f)) such that / o = i{t{f)) and o f = i{s{f)). 
The map Gi — > Gi , / i-^ / ^ is a homomorphism of groups. 

Using the data of the crossed module, the vertical inverse is {h,g)^ = {h^^ ,t{h)g), {h,g) E H xiG, and the labeling 
of the surface of (O reads. 




where 51, (?2 G G and h E H are such that t{h)gi — 92- 



B. Lie 2-algebras 



The connection of a conventional gauge theory is often described by using its connection 1-form, i.e. by using a locally 
defined Lie algebra valued 1-form, subject to a certain transformation law under change of the local trivialization. By 
analogy, higher gauge theory admits a differential formulation too, with the role of the Lie algebra of the gauge group 
being played by a Lie 2-algebra. Lie 2-algebras can be constructed from differential crossed modules, and in fact, 
the 2-category of Lie 2-algebras is equivalent as a 2-category to the 2-category of differential crossed modules [l^. 
Here,we just review the definition and refer to for more details and references. 

Definition II. 6. A difFerential crossed module (g,f),t>,T) consists of Lie algebras g and f) and homomorphisms of 
Lie algebras r: f) ^ g and da: g ^ Dcr(()),X da{X) := {Y 1-^ X l> Y) such that 

T{Xl>Y) - [X,r{Y)], (10) 
r(y)t>r' - [Y,Y'], (11) 

for all X £ and Y,Y' G [}, and with Der(t)) denoting the Lie algebra of derivations of [). 

Since da{X) is a derivation of f) for all X E g, it is linear and satisfies the relations 

X t> [Yi,Y2] = ida{X))i[Yi,Y2]) = [(da(X))(Yi), ^2] + [Yi, {da{X))iY2)] = [X t> Yi,Y2] + [Yi,X> Y2] (12) 

for all X G g and Yi, Y2 G f). The map da is a homomorphism of Lie algebras, i.e. it is a linear map that satisfies the 
relations 



da{[Xi,X2]) da{Xi) o da{X2) - da{X2) o da{Xi), (13) 

for all Xi,X2 G 0, i.e. 

[Xi,X2] >Y = Xit>{X2i>Y)-X2t> {Xi > y), (14) 
for all y G f). Thus O is an action of g on (j by derivations. 

Proposition II. 7. Let {G,H, t>,t) be a Lie crossed module. Then there is a differential crossed module (g, f), I>,t) 
that can be constructed as follows. The Lie algebras are g := LieG and f) :— LieH, and the homomorphism of Lie 
algebras r Dt is the derivative of the homomorphism of Lie groups t: H G. If we write a: G —> Aut(iJ), 5 >—> 
'^{9) ■= {h ^ g \> h), its derivative Da: g — > Der(f)) defines the action [> in the differential crossed module by 
ida{X)){Y) =: X]>Y for all X G g and F G f). 



III. COMBINATORIAL CONSTRUCTION OF TOPOLOGICAL HIGHER GAUGE THEORY 



For conventional gauge theory, one can choose the action in such a way that the theory depends only on the 
underlying smooth space-time manifold, but not on any background metric. A very simple example is given by BF- 
theory 1] whose classical field equations require the gauge connection to be flat. In terms of the holonomy variables, 
this condition requires the holonomy of any null-homotopic closed curve to be the identity of the gauge group. We 
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generalize this idea to the framework of higher gauge theory by imposing the higher Rainess condition requiring that 
the surface holonomy around the boundary 2-sphere of any 3-ball be trivial. 

In this section, we present a combinatorial description of such a model for any triangulation of any smooth manifold 
of dimension d £ {3,4}, using the integral formulation of higher gauge theory For d = 3, this is precisely the 
Yetter model [10] whereas for d = 4 it coincides with the Porter's TQFT [ll| for d = A and n = 2. It is known 
that the partition function docs not depend on the chosen triangulation. In particular, it is invariant under arbitrary 
refinement and therefore defines a continuum theory on the smooth manifold. The renormalization of this model is 
therefore fully under control. In fact, we are sitting right on the renormalization fixed point, and the model is scale 
invariant. This is no surprise since our background is just a smooth manifold with no background metric. 

The combinatorially defined model is available for any strict finite 2-group and even for strict compact Lie 2-groups 
if one is not worried by divergencies similar in nature to those of the Ponzano-Regge model, i.e. to those of the SU (2) 
BF-theory in d = 3 [2|. 

Below, we use the following notation. If G is a finite group with unit element e G G, we denote by Jfjdg :— 
1/|G| X^gGG normalized sum over all group elements and by Sg the corresponding ^-distribution on G, i.e. for 
g & G we have Scig) = |G| if g — e and Scig) = if g ^ e. If G is a compact Lie group, dg and Sq denote the 
Haar measure and the usual ^-distribution on G, respectively. 

We define our model for any closed and oriented combinatorial manifold A of dimension d € {3,4}. These arise 
precisely as the triangulations of closed and oriented smooth manifolds of dimension d [20l. [2l|'^. We denote the set 
of all /c-simplices, < fc < d, by A^. We equip the set of vertices Aq which can be assumed to be finite, with an 
arbitrary total order and denote the fc-simplices by (fc -I- l)-tuples of vertices (io • ■ • */c) where io, . . . , ife G Aq such that 
ia < ■ ■■ <ik- 

Definition III.l. Let A be a compact and oriented combinatorial d-manifold, d G {3, 4}, and (G, H, [>, t) be a finite 
crossed module. The partition function of topological higher gauge theory is defined by 




Here we integrate over gjk G G for every edge (jk) G Ai and over hjki G H for every triangle {jk£) G A2. The 
(^-distributions unter the integral impose the condition that t{hjk£)gjkgki = gji for each triangle (jkl) G A2, i.e. that 
each surface label hjk£ has got the appropriate source and target, 

I (16) 




and the condition that the surface holonomy around every tetrahedron {jk£m) G A3 be trivial. Recall from [8| that 



^ For the relevance of the latter reference, see [23l . 
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the argument of the 5h in (jlSp is precisely the surface ordered product around the tetrahedron: 




(17) 



This expression is independent of the choice of the base edge (jm) because Sh is a gauge invariant function 0]. 
Similarly, exploiting the local gauge symmetry of higher gauge theory 0, it is not difhcult to show that the 
partition function psp does not depend on the ordering of the vertices. 

Using Alexander moves [1^, Yetter [lO| has shown for the case d — 3 that the partition function does not depend 
on the chosen triangulation. It seems to have gone unnoticed that the same result for d = 4 is in fact already implied 
by Hi in combination with again by using Alexander moves: 



Theorem III. 2. Let A be a closed and oriented combinatorial d-manifold, d e {3,4}, and {G,H,[>,t) be a finite 
crossed module. The partition function psp is invariant under Pachncr moves and therefore well defined on equivalence 
classes of combinatorial manifolds. 

Since the original references may not be very accessible to readers interested in higher gauge theory, we sketch in 
Appendix how one can obtain a self contained proof of triangulation independence using Pachner moves [23 | . This 
has the advantage that there are only a finite number of moves to verify - a number that is independent of the chosen 
triangulation - and that it can be done in a direct calculation without any additional machinery from homotopy 
theory. In Appendix |B1 we explain under which conditions the model ^5]) forms a special case of Mackaay's state 
sum [13, [13] and in which cases it does not. 

In the partition function (fT5)) . the labeling of edges by elements gjk G G and of triangles with elements hjke G H are 
called colorings. Those colorings for which the 5g{---) and Sh{-- ) are non-zero, are called admissible colorings. The 
partition function ([TS]) counts the number of admissible colorings and multiplies the result by IGpl^^ollffll^"!"'^!!. 
This factor may indicate that one has already integrated out further variables associated with the lower-dimensional 
sirn^ices, see, for example (25| . The partition function (jlSp is known to be an invariant of the homotopy type of 

We emphasize that because of [1^ [2l|, the model p5|) which we have here defined in the discrete language of 
combinatorial manifolds, is in fact a proper continuum theory that is well-defined on any smooth d-manifold. This 
argument can be put in a more physical language by saying that the invariance under the 1 <^ (d -I- 1) Pachner 
move .24] allows us to pass to an arbitrary refinement of the triangulation and thereby to the continuum limit of the 
model. 



IV. LAGRANGIAN FORMULATION 



If the state sum model (Definition IIII.ip is studied for a Lie crossed module {G,H^,t) rather than a finite crossed 
module, the partition function (jlSp is in general no longer well defined. Work [5|, |26| on the Ponzano-Regge model, 
i.e. the H = {e}, d = 3 special case, nevertheless indicates that there are physical observables that can still be 
defined. The analogy with the Ponzano-Regge model also suggests that in the Lie group case, there is an alternative, 
continuous, formulation of the model in terms of a classical Lagrangian and fields given locally by differential forms 
on AI. For the Ponzano-Regge model, this turned out to be SU (2) B F-theory in d = 3. In the following, we present 
a similar continuum counterpart of the state sum model (|15p . 
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A. Higher gauge theory in the differential formulation 

In this section, we recall the differential formulation of higher gauge theory Q for the case in which the structure 
2-group is given by a Lie crossed module (G, H,\>,t) with H abelian. If we consider the associated differential crossed 
module (g, [),l>,r) (see Proposition III.7p . the connections of the higher gauge theory formalism will be a g- valued 
connection 1-form A and an f)-valued connection 2-forni S. Here, we consider only the local description of the 
connection of higher gauge theory. For the global aspects, we refer to 9]. Note that our notation is different from Q 
where the connection 2-form was called B rather than S. In the following, we use the letter B for a further field. 

The curvature of higher gauge theory is then given by two differential forms: the curvature 2-form ('fake curvature') 

FA^RA + r{J:), (18) 

where Ra — dA + ^[A,A] is the conventional curvature of A, and the curvature 3-form 

Gs = ^^(S) + ylo S. (19) 

If the connection 1- and 2-forms originate from an integral formulation in terms of holonomies, the fake curvature 
vanishes: Fa = 0. In the model that we introduce in the following section, this condition is enforced on-shell. Together 
with the requirement that H be abelian, it ensures that the model has the following extended local gauge symmetry: 

A^A + dA, where SA = dA{a) + t{X), (20) 
S^E + JS, where (JS = -^^(A) - a [> S, (21) 

where the gauge transformation is generated locally by a g-valued 0-form a and an t)-valued 1-form A. The fake 
curvature and the curvature 3-form transform as follows, 

Fa^Fa + SFa, where SFa = [F, a], (22) 
G^^ G^ + SG^, where SG^ -a t> G^ - Fa t> X. (23) 

For more details, the reader is referred to 0, H, 0]. 

We are in particular interested in the Lie crossed module (G, H,\>,t) associated with the adjoint 2-group of a Lie 
group G. Here > is the adjoint action of G on its Lie algebra H := g = LicG, and t{h) — e for all h G H. Its group 
of morphisms g xi G is often called the inhomogeneous group associated with G, see, for example 

The corresponding differential crossed module (Proposition III. 7| ) is given by (g, (), >, r) where t) is the vector space 
underlying g equiped with the abelian Lie algebra structure, g acts on f) by the adjoint action, and t{Y) = for 
all Y G i). The corresponding Lie 2-algebra has the semidirect sum () ©<] g as its Lie algebra of morphisms, the 
inhomogeneous algebra associated with g. 

With this choice of differential crossed module, the vanishing of the fake curvature Fa implies the vanishing of the 
conventional curvature Ra = 0. 



B. The BFCG theory 

With the above considerations, we can now propose a classical action corresponding to the partition function (jlSp 
as follows. Let {G,H, >,t) be the Lie crossed module associated with the adjoint 2-group of the Lie group G and 
(g, f), >, r) be the associated differential crossed module as explained above. 

Besides the curvature 1- and 2-forms of higher gauge theory, we consider two additional fields B and G which are 
a g-valued (d — 2)-form and an f)-valued {d — 3)-form, respectively, and which are assumed to transform under the 
2-gauge transformations in (pO| as: 

B^ B + SB with SB = [B, a] - [G, A], (24) 
C^C + SG with SC = -ai> G. (25) 

It should be noted that with the above choice of differential crossed module, the local symmetries of both fields B 
and G in (|2ip are well defined and make sense. 

The reason for introducing these fields is the same as in BF-theory: their associated field equations are the conditions 
that the curvature 2-form Fa and the curvature 3-form Gs vanish. The action of our BFGG theory therefore reads, 



I trg(BAf'A) +tr^(GAGE). 

JM 



(26) 



8 



Note that the transformations (|24|) and (|25p are chosen such as to make the action gauge invariant in view of the 
transformations and (|23p . 

Similar to the traditional BF action in the BFCG action ([26| also exhibits an extended local symmetry, in 
the sense that it is also invariant under the additional infinitesimal gauge transformations: 

B^B + 5'B with S'B ^ dAif3) + [T.,j], 

C^C + S'C with 6'C^dA{j), (27) 

where P and 7 are locally a g- valued {d — 3)-form and an ()-valued {d — 4)-form, respectively. It should be emphasized 
that not all of the above gauge transformations of the fields of the theory are irreducible. Indeed, on shell, the gauge 
transformations for the connection 2-form S in (PT|) , and in the case d = 4 also the gauge transformation for the field 
B in (|24p . arc themselves invariant under an infinitesimal translation of the gauge parameters 

X^X + 6'\ with 5'X^dAip), 

(3^P + 6'P with d'f3^dA{r]), (28) 

where rj and p are t)-valued and g-valued 0-forms, respectively. While mathematically obvious, the transformations in 
(|28p also have a rather straightforward physical interpretation. A not so complicated counting argument 16] shows 
that if the above gauge symmetry reducibility is ignored, in both the d = 3 and d = A cases BFCG theory would 
exhibit a negative number of (local) physical degrees of freedom. The role of the transformations in (pS)) is to bring 
the number of (local) physical degrees of freedom up to zero and hence establish the topological character of the 
theory. 

Upon first order variation, the BFCG action yields the equations of motion: 

dA{B) + [^,C] = 

dAiC) = 

Fa = 

Ge = (29) 

so that in particular the higher fiatness condition Gs = holds. Note that the vanishing of the fake curvature Fa — 
is automatically satisfied on-shell. 

In dimensions d — 3 and d = 4, the BFGG-theory can readily be related with topological models that have already 
been studied in the literature. For d = 3, the BFCG model can be related to Euclidean and Lorentzian gravity. 
Indeed if one chooses g to be the Lie algebra so(3) or so(2, 1) and [} to be the abelian Lie algebra of 3-dimensional 
translations fi, the 1-form field B can be interpreted as the local triad field of the spacetime manifold M, and the 
first term in (|26p becomes the action for pure gravity in the Palatini formalism. Under these circumstances, and 
upon tracing, the BFCG action becomes functionally identical to the action of a topological matter model that has 
already been studied in the literature fl^, called the I^^EA model. Within this latter context, the second term of the 
BFCG action containing the 0-form field G and the curvature Ge of the connection 2-form E can be interpreted as 
a coupling of topological matter fields to pure 3-dimensional gravity. Consequently, the BFCG model can be shown 
to admit topological solutions like point-particle solutions, the BTZ black-hole solution and cosmological solutions of 
the Robertson- Friedman- Walker type |28| . 

For d = 4, by choosing g to be the Lie algebra so(4) or so(3jjQ and f) the 6-dimensional abelian Lie algebra, it 
can be shown — in a manner similar to the 3-dimensional case [2^ — that the BFCG action yields (up to surface 
terms) yet another topological matter model that has been studied previously in the literature [2^. This topological 
matter model is also non-trivial [SO^ and is related to topological gravity in 4-dimensional spacetimes in a similar way 
as ordinary BF theory. 

Also note that dropping the second term of (|26p does not specialize SFGG-theory to the first example in Section 3.9 
of i. 

V. DISCRETIZATION 

In this section, we show how the action (pS)) is related to the state sum model (ITSI) by the usual heuristic discretization 
procedure. We therefore consider the partition function 

Z = J [VC][VB][DA][V^e'-l'M^^'-'>^^''^^^+^'-'^i^'''^^^\ (30) 
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The formal integration over C and B leads to 

Z= I [VA][VT\5{Fa)5(G^). (31) 



(ife)eAi 



Similarly to the treatment of i?_F-theory, this partition function is then regularized on a triangulation A of M . This 
amounts to a translation from the differential picture Q to the integral picture 0] of higher gauge theory. Similarly 
to conventional gauge theory, the connection A is discretized by colouring the edges e = (jfc) G Ai with group 
elements ge G G. The connection 2-form E is in turn represented by group elements hf G H decorating the triangles 
/ = {jk£) G A2. We then recover the discretization described in by reversing the procedure of The vanishing 
fake curvature condition is discretized on each triangle / by replacing S{Fa) by 

Sg {gt]g3k{t{hijk)gikV^^ ■ (32) 

The condition 5{Gy) on the curvature 3-form for every tetrahedron T = (jkim) G A3 is turned into 

6h {hje,n hjki {gjk O Kirn ) ^km ) ■ (33) 

The path integral measures of ([31]) are discretized by replacing 

VA ^ II f dg-jk (34) 

n / dhjM. (35) 

where dgj}~ and dhj^i denote integration with respect to the Haar measures of G and H. By inserting (|33p . (|34p 
and (|35p into (pij) , we obtain an expression proportional to (fT5|) . 

It then turns out that this expression can be made independent of the triangulation if one multiplies it by the 
appropriate 'anomaly' factors that render the expression equal to (|15p . 
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APPENDIX A: PACHNER MOVE INVARIANCE 

In the appendix, we give a self contained proof in terms of Pachner moves that the partition function psp is 
independent of the chosen triangulation and therefore well defined on equivalence classes of combinatorial manifolds. 
By Whitehead's theorem it is thus even well defined on diffeomorphism classes of smooth manifolds. 

1. Three-dimensional case 

We first sketch the proof of Pachner move invariance for the case d = 3. 

a. The 1^4 move 

We use the following notation. For every triangle (jki) G A2, we write 

gjki ■= t{hjki)gjkgkigjl, (Al) 

and for every tetrahedron (jkim) G A3, 

hjklm := h-jUjnhjkdgjk l> Klm)Kkm- (^2) 



10 



Since the partition function ([15)) is independent of the total order of vertices, we need to verify the move only in one 
case. We denote the vertices of the left hand side (one tetrahedron) by 1, 2, 3, 4 and the additional vertex on the right 
hand side (four tetrahedra) by 5. This determines a total order, restricted to our subset of vertices. The partition 
fimction on the two sides of the 1 4 move then differs by the following factors. On the l.h.s., we have the integrand 



whereas on the r.h.s., we have integrals 



and the integrand 



n ^oigjki) 
\{jM)eM2 / 



JJ^ SH{hjktm) 
\(jklm)eM3 J 



(A3) 



(A4) 



(A5) 



where the products are over the following sets of simplices: {(125), (135), (145), (235), (245), (345)} and A/3 := 

{(1235), (1245), (1345), (2345)}. The numbers of the fc-simplices on both sides of the 1^4 move are as follows (not 
taking into account the remainder of the triangulation) : 





|Ao| 


|Ai| 


IA2I 


IA3I 


l.h.s. 


4 


6 


4 


1 


r.h.s. 


5 


10 


10 


4 



In order to verify the 1^4 move, we consider the r.h.s and first integrate over 515, exploiting Scigus), J'-C the 
integral over 1715 and the integrand Scigus) both disappear, and all other occurrences of (715 in the integrand are 
replaced by i(/ii25)5i2525- We then integrate over g25, exploiting ^0(^235), and over 335, exploiting SaigsAb)- At this 
stage, the integral over (745 is trivial, i.e. over a constant integrand. 

Finally, we integrate over /1135, exploiting ^//(/ii345), i.e. substituting /1135 — /ii45/ii34((7i3 O /1345) everywhere else 
in the integrand, and we integrate over /1125, exploiting (5ij(ft.i245), and over /1235, exploiting ^/f(/i2345). One can now 
show that the remaining integrand of the r.h.s. equals 

{SG{e)f6H{hi234) = \Gf6H{hi234), (A6) 

and so the remaining three integrals over ft.145, /i245j and /1345 are trivial. In order to show this, we make use the 
condition 



gjf = t{hjke)gjkgke 



(A7) 



for {jk£) G {(123), (124), (234)}. This is possible because these triangles are present on both sides of the move, and 
so the corresponding Saigjke) that enforces the condition (|A7p . are part of the integrand. Finally, the prefactor 



\G\ 



-IA0I+IA1I-IA2 



HI 



IA1I+IA2I-IA3I 



\G\ 



-'\H\' 



on the l.h.s. and IGI 



on the r.h.s., compensating for the 



\G\ from the left over 5g of the integrand. 



b. The 2^3 move 



The numbers of fc-simplices on the two sides of the 2^3 move are as follows: 





|Ao| 


|Ai| 


IA2I 


IA3I 


l.h.s. 


5 


9 


7 


2 


r.h.s. 


5 


10 


9 


3 



We order the vertices in such a way that the l.h.s. has the tetrahedra (1234) and (2345), sharing the triangle (234), 
whereas the r.h.s has the tetrahedra (1235), (1245) and (1345), all sharing the edge (15) and each two of them sharing 
one of the triangles (125), (135) and (145). 
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On the l.h.s. of the 2^3 move, we therefore have the integral 

/ dh234 

Jh 

and the integrand 



whereas on the r.h.s we have the integrals 



dgi5 I d,hi25dhi35dhi4r, 
G Jh3 



and the integrand 



'5G(5l25)'5G(5l35)^G(5l45)<5_f/(/ll235)<5_f/(/ll245)'5//(/ll345)- 



(A8) 



(A9) 



(AlO) 



(All) 



All other integrals and all other factors of the integrand are the same on both sides of the move. 

In order to simplify the l.h.s., we integrate over /i234, exploiting 5// (/i2345)- In the remaining integrand, we therefore 
substitute /1234 = /i245'*235(523 > ^345)- The integrand of the l.h.s. thus reduces to 



SG{e)SH{hl24{gi2 > (/i245^235))^i23(ffl3 > ^.345)!^ 



134) 



(A12) 



In order to simplify the r.h.s., we integrate over 1715, exploiting (5g (5135)7 over ft.125, exploiting Sh {hi235), and over 
/1135, exploiting (^_f/(/ii345). The remaining integral over /1145 turns out to be trivial if one uses (jA7p for all (jki) G 
{(123), (235), (134), (345)}. The integrand of the r.h.s reduces to 



{SG{e)fSH{hi24{9l2 > (/l245^235))/ii23(5l3 l> h 



345j'll34) 



(A13) 



Again, the different powers of SG{e) = \G\ are compensated for by the prefactors. These are \G\ ^\H\^ on the l.h.s. 
and \G\~ \H\ on the r.h.s. 



2. Four-dimensional case 

We now sketch the proof of Pachncr move invariance for the case d — 4. 



a. The 1^5 move 
The numbers of the /c-simplices on both sides of the move are as follows: 





|Ao| 


|Ai| 


IA2I 


IA3I 


IA4I 


l.h.s. 


5 


10 


10 


5 


1 


r.h.s. 


6 


15 


20 


15 


5 



Again, since the partition function (|15p does not depend on the total order of the vertices, we need to show this 
move only for one case. We order the vertices such that the l.h.s consists of the 4-simplex (23456) whereas the r.h.s. 
contains the five 4-simplices (13456), (12456), (12356), (12346) and (12345). On the r.h.s., we therefore have the 
triangles (jH) G M2 := {(123), (124), (125), (126), (134), (135), (136), (145), (146), (156)} and the edges (jk) e Mi := 
{(12), (13), (14), (15), (16)}. 

In order to compare the l.h.s with the r.h.s. of the 1^5 move, we have to show that the integrals 



/ n dg,k [ n 



dh 



jki 



and the integrand 



n ^Gigjki) 

\{]ki)eM2 / 



{jke)eM2 



(AM) 



(A15) 
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on the r.h.s. reduce to 1. Here, M3 := {(1234), (1235), (1236), (1245), (1246), (1256), (1345), (1346), (1356), (1456)}. 

In order to simplify the r.h.s., we integrate over /ii23, exploiting (5i/(/ii234), and over gi2, exploiting ^0(5123)7 and 
make use of (|A7|) for {jki) = (234). We then integrate over /1124, exploiting (5_f/(/ii245), and over (/13, exploiting 
'^0(5124), and make use of (|A7p for (jki) S {(234), (235)}. We then integrate over /1125, exploiting (/ii236), and 
over gi4, exploiting 30(9125), and make use of (|A7|) for (jki) — (236). 

Finally, we integrate over 315, exploiting Scigue), and over ^1134, exploiting fe(/ii346), over /1135, exploiting 
SH{hi356), and over /1145, exploiting (^^(/luse)- We make use of dMl) for (jki) = {(234), (346), (356), (456)}. We 
then use the condition that 

hjkm = hjlmhjkeigjk O ^fc/m) (^16) 

for all {jk£m) e {(2345), (2346), (2356), (3456)}. The remaining integrals over /ii26, ^i36> ^146 and /iisg are trivial as 
well as that over giQ. The integrand reduces to 

{SG{e)f{SH{e)f = \Gf\H\\ (A17) 

The prefactor igi-IAoI+IAiI-IA,! |^||Ao|-|Ai|+|a,|-|A3| ^^^^j^ jGr^li/l" on the l.h.s. and |G'r"|i7r'^ on the r.h.s and 
therefore compensates for these left-over factors. 



b. The 2^4 move 



The numbers of the /c-simplices on both sides of the move are as follows: 





|Ao| 


|Ai| 


IA2I 


lAal 


IA4I 


l.h.s. 


6 


14 


16 


9 


2 


r.h.s. 


6 


15 


20 


14 


4 



We order the vertices in such a way that on the l.h.s., we have the 4-simplices (23456) and (13456) whereas on the 
r.h.s., there are (12456), (12356), (12346) and (12345). On the l.h.s., there is one tetrahedron (3456) whereas on the 
r.h.s., there are six, namely (1234), (1235), (1236), (1245), (1246) and (1256). AU other tetrahedra are part of the 
common boundary of both sides of the move. On the r.h.s., we also have the triangles (123), (124), (125) and (126) 
and the edge (12). 

The integrals and factors of the integrand that differ on both sides of the 2 4 move are as follows. On the l.h.s., 
there is the integrand 



'^//(^3456) 



(A18) 



whereas on the r.h.s., we have the integrals 



dgi2 / dhi23dhi24dhi25dhi26 
G Jff-* 



and the integrand 



(A19) 



\(jki)eM2 / 



Y[ ^Hihjklm) 
\{jkem)GM3 J 



(A20) 



where M2 := {(123), (124), (125), (126)} and M3 := {(1234), (1235), (1236), (1245), (1246), (1256)}. 
The l.h.s. simplifies to (5//(e) = |iJ| because of the following general result. 



Lemma A.l. Given a 4-simplex {jklmn) with a colouring that satisfies (|A16[) for four of the tetrahedra {k£mn), 
(jlmn), (jkmn) and (jkin) and (IA7p for all triangles in their boundary, then (jA16p also holds on the fifth tetrahedron 
(jkim). 



Proof. Consider hjkem = hji^hjkiigjk O hf.l^)hj,}^ and use the condition (K7\i for (jki), (jkm), (jkn), {j£m), ijln), 
(jmn), {k£m) and {k£n). This implies hjkem = e. □ 
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In order to simplify the r.h.s., we integrate over /1124, exploiting ^h(/ii234), over /1123, exploiting (5^r(/ii235), and 
over /1125, exploiting 5H{hh,256)- Use the condition for all (jki) E {(134), (234), (135), (235), (156), (256)}. Then 
we integrate over gi2, exploiting Soigue) and use (|A7|1 for {jki) e {(156), (256)} again. The last remaining integral 
over hi2e is then trivial, and the integrand reduces to 

iSG{e)fiSHie)f^\Gf\Hf. (A21) 

The difference in powers of \G\ and \H\ is compensated for by the prefactors which equal \G\ ^\H\ ^ on the l.h.s. and 
|Gr"|77p^ on the r.h.s. 



c. The 3^3 move 



We order the vertices in such a way that one the l.h.s. of the 3^3 move, we have the 4-simplices (23456), (13456) 
and (12456) whereas on the r.h.s. they are (12356), (12346) and (12345). Six tetrahedra therefore form the common 
boundary of both sides of the move whereas on each side there are three tetrahedra shared by two 4-simplices. On 
the l.h.s. these are (1456), (2456) and (3456) and on the r.h.s. (1234), (1235) and (1236). On the l.h.s we therefore 
have the triangle (456) and on the r.h.s (123). All other triangles appear on both sides of the move. 

The integral and integrand for the l.h.s. read 

dhiBeSaigiSe) <5h(/i3456)'^h(^2456)'^h(^1456), (A22) 

whereas for the r.h.s. we have 

rf/ll23<5G(ffl23) (/ll234)fe(/ll235)fe(^1236)- (A23) 

In order to simplify the l.h.s., we make use of the fact that Sh{—) is constant on the orbits of G on H and also on 
the conjugacy classes, i.e. 

5H{hu56) = SH{{g2i > ^346) (523^ » ^356) (fe^ > /i345 ) /I456 ) ■ (A24) 

We then integrate over /1456, exploiting Snihaise)- The integrand reduces to 

SGie){SH{e)f^\G\\Hf (A25) 

if we make use of the condition IMI for aU {jki) e {(134), (234), (345), (346), (356)} and of (|Il6| for aU (jMm) G 
{(1345), (1346), (1356), (2345), (2346), (2356)}. 

In order to simplify the r.h.s., we integrate over ft.123, exploiting fe(/ii234). The integrand reduces 
to dUSI, too, if we make use of for (jki) G {(123), (124), (134), (234)} and of (jUH)) for {jkim) G 

{(1245), (1246), (1345), (1346), (2345), (2346)}. The numbers of fc-simplices agree on both sides of the 3 ^ 3 move for 
all fc, and the prefactors play no role in this case. 



APPENDIX B: STATE SUM MODELS WITH 2-CATEGORIES 

Under certain conditions, the partition function (flSl) for d = 4 forms a special case of Mackaay's state sum fl^ . 
Here we explain in detail in which case this happens and which assumptions of [T^ are violated in more general 
situations. 

First, we follow 13] in which Mackaay specializes his state sum of [l2l to the case of finite groups, and describe the 
common special case with our model (jl5p . 

Recall that weak 2-groups [l3| are algebraic models for pointed and connected homotopy 2-types as follows. Given 
any path connected CW-complex X with 1-skeleton Xi and base point p £ Xi C X, there is a weak 2-group 
112 (AT, ATijp) defined as follows. It has only a single object p. The 1-morphisms are the continuous closed curves in Xi 
with base point p. The 2-morphisms are bigon-shaped surfaces between two such curves, continuously mapped into 
X, up to homotopy. It can be shown that 112 (X, Xi,p) forms a bicategory with one object. Furthermore, it turns out 
that each 2-morphism has got a vertical inverse and that each 1-morphism has got an inverse up to 2-isomorphism, 
and so 112 (X, Xi , p) forms a weak 2-group as defined in [l3| • 
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Homotopy equivalent based pairs of spaces (X, Xi,p) ~ [Y, Yi , q) yield 112 {X, Xi , p) and 112 {y^ Yi , q) that are 
equivalent as weak 2-groups. There are two characterizations of 112 (X, Xi,p) up to equivalence of weak 2-groups that 
are relevant in the following. 

First, by the coherence theorem for bicategories, 112 (X, Xi,p) is equivalent to a (strict) 2-category. It can be shown 
that it is even equivalent to a strict 2-group and can thus be characterized by a crossed module (G, H,t>,t) of groups. 
In this case, we have G = tti{Xi) and H = tt2{X, Xi). Note that this is in general a non-abelian group. The action 
O is the action of 7ri(Xi) on tt2{X,Xi) by the change of base point, and t: tt2{X,Xi) tti{Xi) is the restriction to 
the boundary. This way, the crossed module (G, H,t>,t) is determined up to equivalence in the 2-category of crossed 
modules. 

Second, every bicategory with one object forms a weak monoidal category, and any weak monoidal category is 
equivalent (as a weak monoidal category) to any of its skeleta. This result can be extended to weak 2-groups 
whose skeleta are precisely the special 2-groups of [l3]- Passing to a skeleton in this way amounts to characterizing 
Il2{X, Xi,p) in terms of its Postnikov data {K, A,^,a) where A :— tt2{X) (abelian), K := tti{X), ► denotes the 
action of tti{X) on t:2{X) by the change of base point, a is the Postnikov fc-invariant which is an ^-valued algebraic 
3-cocycle on K. Starting from the crossed module {G,H,[>,t), the groups A and K appear when one extends the 
map i to a 4-term exact sequence of groups, 

{0} ^A^^^H^^G^^K -{e} (Bl) 

i.e. A = ker(i) and K = coker(i) = G/t{H). The action l> of G on by automorphisms induces an action >■ oi K 
on A by automorphisms. The Postnikov fc-invariant can then be constructed from a section of the map tt (using, in 
general, the axiom of choice) and a diagram chase. Mackaay's G and H in [l3| are our K and A, respectively. 

A close look at [T5| reveals that in the case in which the action ► of ii' on A is trivial, our partition function (fT5)) 
agrees with Mackaay's state sum of ^13(1. The case in which K acts trivially on A, however, is far from generic. For 
example, let (G, H, [>, t) be a crossed module of groups in which H is abelian, t{h) = e G G for all /i G _ff and in which 
G acts non-trivially on H. In this case, A = H , K = G, and so K acts non-trivially on A. There exist many examples 
of this type. As soon as K acts non-trivially on A, however, Mackaay's construction [13] is no longer a special case of 
his state sum [l2|. For the general case, we cannot use [iJl, but rather have to go back to the state sum as defined 
in dl. 

Let us explain how to define for every crossed module of groups {G,H,l>,t) a semi-strict monoidal 2-category 
with duals in such a way that Mackaay's state sum [l^ agrees with our partition function (|15l) . This 2-category is 
semi-strict and pivotal, but not spherical, and so the proof of Pachner move invariance used in |l3 | no longer applies. 
The fact that (|15p is nevertheless Pachner move invariant as was known from [ll|, [ij] and as we have confirmed in 
Appendix \K\ above, suggests that one ought to generalize the definition of spherical and modify the proof of Pachner 
move invariance in [l2| accordingly in order to encompass our example (jl5[) as well. 

The 2-group associated with the crossed module (G, H,l>,t) forms a small category whose objects are elements of 
G and whose 1-morphisms f'.gi — > 32 are elements / = {h,g) H » G that satisfy g = gi and t{h)g = (72. The 
composition of 1-morphisms is the vertical composition. The 2-category to consider is the discrete 2-category on this 
small category, i.e. its objects are elements of G, its 1-morphisms / : 51 — > 52 are elements f — {h, g) (z H ^ G as 
above, and for every 1-morphism /, there is only the identity 2-morphism. 

This 2-category has a semi-strict monoidal structure as follows. For objects 32 G G, we have gi<S> g2 — <?i52- For 
1-morphisms / = {h,gi): gi 52 we have g ® f = {e,g) ■ {h,gi) = (3 t> h,ggi) and f ®g = (h,gi) ■ (e,.g) = {h,gig). 
The discreteness of the 2-category determines the monoidal structure on 2-morphisms. The monoidal unit 1 = e G G 
is the unit of G. 

For 1-morphisms (hi,gi) : gi — s- g'l and (/i2,g2) ■ 52 ^ .92; the tensorator 2-isomorphism is the identity 2-morphism 
associated with the following equality of 1-morphisms: 

((/ii,gi) o (.91 ® (/i2,52)) = {g'l «) (h2,g2)) o {{hi,gi)(E)g2). (B2) 

Duality is defined as follows. The dual of an object 5 G G is its inverse g* — g~^ with unit and counit ig = (e, e) : 1 — > 
g®g* and Cg = (e, e) : g* ®g ^ 1. The triangulator is the identity 2-morphism associated with the following equality 
of 1-morphisms: 

(eg ®g)o{g® ig) = idg . (B3) 

The dual of a 1-morphism (h,gi): gi g2 is its vertical inverse {h,gi)* = {h~^,g2)- The unit and counit for this 
dual as well as the duals of 2-morphisms are already determined because of discreteness of the 2-category. 

For each 1-morphism {h, g): gi — > 52, the 1-morphisms ^ f and /" of turn out to be "/ = (5^^ > /i, g^^) : 32 ^ 5i 
and = [gi^ \> h,g2^): 52 ^ ffi- And so the semi-strict monoidal 2-category is pivotal because of the identity 2- 
morphism associated with the equality of 1-morphisms = 
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As remarked in [3l|, however, left- and right-traces of a 1-morphism f = {h, g) : g ^ t{h)g turn out to be tr^if) = 
{g^^ O h, e) and trfl(/) = {h, e), respectively. Unless G acts trivially on H, these are in general distinct 1-morphisms, 
and so in the discrete 2-category, there cannot exist any 2-isoniorphism between them. Therefore, the 2-category is 
not spherical. Nevertheless, the state sum defined in 'l^ agrees with ([15]) for d = 4 for any finite crossed module 
(G,iJ,[>,i), up to an overall prefactor |Gr''^°'|i?|''^°'"''^''. 
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